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Abstract
We examine the cosmology induced on a brane moving in the background of a
five-dimensional black hole, solution of the string effective action. The evolution,
determined by the Israel junction conditions is found to be compatible with an
accelerating universe with the present day acceleration coming after a decelerating
phase. The possible species of the energy-momentum tensor, localized on the brane,
for these solutions to be valid are discussed.
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Introduction
The idea that the visible world may be realized as a brane in a higher dimensional space,
where matter is confined is not new [1–4]. A natural framework for this idea is String
Theory in which higher dimensional spacetime arises by fundamental requirements. The
recognition that not all extra dimensions are of the order of Planck scale [5] and the
discovery of D-branes [6], naturally existing in string theory, revived this idea in recent
years. The brane world scenarios [7] have been extensively studied in order to address
fundamental questions such as the hierarchy problem [8–13], the cosmological constant
problem and issues regarding the early time cosmology. In a large class of these models
a Friedman-Robertson-Walker universe arises by the evolution of a three-dimensional
brane in an AdS or in an AdS black-hole spacetime [14–37]. Certainly the origin of the
bulk Lagrangian and its relation to an underline fundamental theory is always under
investigation. Towards this direction higher dimensional black hole solutions have been
extensively studied in various cases and especially in the context of Supergravity and
String Theory [38–45].
In a previous work [46] we examined background solutions of the string effective action
in five dimensions. In particular we derived the unique dilaton - metric static vacuum with
non-vanishing Liouville-type dilaton potential. This solution represents a Schwarzschild
type black hole. It was also found that this solution can be extended to incorporate elec-
tric charge leading to charged five-dimensional black hole. Furthermore Kalb-Ramond
charge may be also present. In this case the three-dimensional space has to be closed.
The thermodynamic properties of these black hole backgrounds were studied and espe-
cially their masses and their temperatures were calculated. Moreover we presented a brief
discussion of the cosmology induced on a brane evolving in this background introducing
a single tension term on the brane. We found that the present day acceleration of the
universe may have the observed value and that the accelerating phase follows a decel-
erating one with the transition occurring to phenomenologically acceptable value of the
redshift [47]. Nevertheless the consideration of just the brane tension was not adequate to
match the Israel junction conditions on the brane. In this work we see that introducing
more general energy momentum tensor on the brane the behavior of the acceleration is
maintained and the junction conditions are satisfied.
1
Five-Dimensional String Effective Action Background
In this section we briefly review the derivation of the static five-dimensional background
found in [46] which will be used for the cosmological study. The bosonic part of the low
energy limit of the string effective action is
S =
1
2κ20
∫
dDx
√
−Ge−2φ˜
{
R + 4(∇φ˜)2 − 1
12
HµνρH
µνρ − 1
4
FµνF
µν − Λ
}
(1)
where Λ is a constant related to the central charge. In particular Λ = 2(D−26)
3α′
for the
bosonic string, and Λ =
( 3D
2
−15)
3α′
for the superstring, φ˜ is the dilaton field and Hµνρ =
∇µBνρ +∇ρBµν +∇νBρµ is the field strength of the antisymmetric tensor field Bµν . We
also assume the existence of U(1) gauge field Aµ with Fµν = ∂µAν−∂νAµ its field strength.
Such a gauge field can be considered as a remnant of a partial compactification.
The curvature term can be cast to the Einstein-Hilbert form by the Weyl rescaling of the
metric
gµν = e
− 4φ
D−2Gµν φ = φ˜− φ0.
Doing this the dilaton appears as a matter field with a Liouville-type potential and of
particular couplings with the other fields
S =
1
2κ2
∫
dDx
√−g
{
R − 4
D − 2(∇φ)
2 − 1
12
e−
8φ
D−2H2 − 1
4
e
−4φ
D−2F 2 − V (φ)
}
(2)
where V (φ) = Λe
4φ
D−2 . Note that κ2 = e2φ0κ20 = (8πGD) is related to the D-dimensional
Newton’s constant.
For a five-dimensional space-time the field equations read
Rµν −
1
2
gµνR = σ1
(
∇µφ∇νφ−
1
2
gµν(∇φ)2
)
− 1
4
eσ2φ
(
HµρσH
ρσ
ν −
1
6
gµνH
2
)
+
1
2
eσ4φ
(
FµρF
ρ
ν −
1
4
gµνF
2
)
− Λ
2
eσ1φgµν
2φ− Λeσ1φ + 1
6
eσ2φH2 +
1
4
eσ4φF 2 = 0
∇ρ
{
eσ2φHρµν
}
= 0
∇µ
{
eσ4φF µν
}
= 0 (3)
where σ1 = −σ4 = 4/3 σ2 = −2σ1 = −8/3.
Setting
Hµνρ =
1
2
e−σ2φEµνρστBστ , (4)
2
where Eµνρστ is the totally antisymmetric tensor in five dimensions and Bστ = ∂σKτ−∂τKσ
is the field strength of a vector field Kµ, the equations become
Rµν − 1
2
gµνR = σ1
(
∇µφ∇νφ− 1
2
gµν(∇φ)2
)
+
1
2
e−σ2φ
(
BµρBρν −
1
4
gµνB2
)
+
1
2
eσ4φ
(
FµρF
ρ
ν −
1
4
gµνF
2
)
− Λ
2
eσ1φgµν
2φ− Λeσ1φ − 1
2
e−σ2φB2 + 1
4
eσ4φF 2 = 0
∇µ
{
e−σ2φBµν} = 0
∇µ
{
eσ4φF µν
}
= 0 . (5)
Note that the substitution (4) interchanges the equation of motion with the Bianchi
identity for the Kalb-Ramond field and the equations (5) are those derived from the
action
S =
1
2κ2
∫
d5x
√−g
{
R − 4
3
(∇φ)2 − 1
4
e−σ2φB2 − 1
4
eσ4F 2 − V (φ)
}
. (6)
The general spherically symmetric metric-dilaton string background, under the as-
sumption for a static dilaton, is uniquely determined to be a Schwarzschild type black
hole of the form [46, 48]:
ds2 = −y2U(y)dt2 + dy
2
U(y)
+ y2dΩ23 (7)
where
U(y) = λ− M
y3
.
The three-dimensional space is flat
dΩ23 = dr
2 + r2(dθ2 + sin2θdϕ2) . (8)
The positive parameter λ is related to the central charge deficit for the fermionic or the
bosonic string, and M gives the mass of the black hole. The event horizon is located at
yH =
(
M
λ
)(1/3)
and the physical singularity at y = 0. The dilaton field is given by
φ = m− 3
2
ln y
and in this form the dilaton drives the string coupling eφ to a divergent value at the
physical singularity.
3
Induced Cosmology on a Moving Brane
In order to study the induced cosmology [14–32, 34–37, 49–51] we introduce a brane at
the point y = R. The world volume spanned by the brane is determined by the vector
Xµ = (t(τ), R(τ), xi) where τ is the proper time. The five-dimensional line element is
of the form
ds25 = Gµνdx
µdxν = −A(y)dt2 + B(y)dy2 + y2 dΩ23 , (9)
where A, B are given in equation 7. The metric induced on the brane, gab =
∂Xµ
∂ξa
∂Xν
∂ξb
Gµν ,
where ξa = (τ, xi) yields the line element
ds24 = −dτ 2 +R2(τ)dΩ23 , (10)
provided that dt
dτ
=
√
1+BR˙2
A
. The velocity vector is uµ = ( dt
dτ
, R˙, ~0) where dot de-
notes the derivative with respect to the proper time τ . The unit vector normal to the
brane directed inside the bulk space described by the original five-dimensional metric
is uniquely determined by the conditions uµη
µ = 0 and ηµ η
µ = 1 , given by ηµ =
1√
AB
(−B R˙, −A dt
dτ
, ~0) . Assuming that the brane describing the visible spacetime is
the boundary separating two regions of the five-dimensional spacetime with two different
metrics the Israel junction conditions impose that
K+ab −K−ab = −8πG
[
Tab − 1
3
T gab
]
(11)
where
Kab =
1
2
∂Xµ
∂ξa
∂Xν
∂ξb
(ηµ;ν + ην;µ) (12)
is the extrinsic curvature of the brane, Tab is the energy momentum tensor on the brane
and T its trace. Imposing a Z2 symmetry we get
Kab = −4πG
[
Tab −
1
3
T gab
]
. (13)
In our case the components of the extrinsic curvature are
Kij = − 1
R
√
1 + R˙2B√
B
gij (14)
Kττ =
1
R˙
√
AB
d
dτ
{√
A
√
1 + R˙2B
}
. (15)
Assuming that on the brane we have
4
Tab = (−ρ, p, p, p) (16)
and imposing Z2 symmetry, the junction conditions lead to the equations
1
R
√
1 + R˙2B√
B
=
4πG
3
ρ (17)
for the space components and
1
R˙
√
AB
d
dτ
{√
A
√
1 + R˙2B
}
= −4πG
3
(2ρ + 3p) (18)
for the time component.
The equation (17) is easily recognized as a Friedman-like equation for the brane cos-
mology with the known peculiarity for the Hubble parameter being analogous to ρ instead
of
√
ρ namely
H2 =
R˙2
R2
=
(
4πG
3
ρ(R)
)2
− U(R)
R2
. (19)
where G is the five-dimensional gravitational constant. Introducing ρcr = 3H
2
0/(8πGN),
as is defined in standard cosmology and rescaling with the Hubble constant H0 the equa-
tion above becomes
H˜2 = ρ˜2
G2H20
4G2N
− U˜ . (20)
where ρ˜ = ρ/ρcr and and U˜ = U/(R
2H20 ). From this relation the four dimensional
gravitational constant GN and the five-dimensional one G are related as
G = 2
√
1 + U˜(R0)GNH
−1
0 (21)
if the present day value ρ equals to ρcr. This means that for this class of models G becomes
strong [52].
Substituting the factor
√
1 + R˙2B from equation (17) to the second (18) a conservation-
like equation is obtained for the energy density ρ, namely
ρ˙ + 3(ρ+ p)
R˙
R
+
ρ
2
d
dτ
ln(AB) = 0. (22)
The above equations are sufficient to solve the cosmological model.
Note that in the case that AB = const the equation (22) is just the conservation
equation for ordinary matter on the brane. On the contrary in our case that AB is not
constant the junction condition is not satisfied if ordinary species of energy momentum
5
tensor obey the normal state equation that is pi = wiρi where i = d, r, σ stands for
non-relativistic matter (dust), radiation and cosmological constant and wi = 0, 1/3, −1
respectively. Indeed if we insist that
ρ˙d + 3
R˙
R
ρd = 0, ρ˙r + 4
R˙
R
ρr = 0, ρ˙σ = 0 (23)
then (22) gives (ρb + ρr + σ)
1√
AB
d
dτ
√
AB = 0 compatible only with static universe. In
this work we will try to make the junction conditions to be satisfied, keeping the energy
conservation on the brane. That is we do not consider bulk-brane energy exchange. In
this procedure we examine two ways in achieving this goal, while keeping the usual form
of the state equations for the ordinary matter and radiation. Our main concern is the
acceleration parameter given by
q ≡ RR¨
R˙2
=
R
2H2
d
dR
H2 + 1. (24)
We seek solutions giving the present day value of q and a phenomenologically acceptable
value of the redshift z where the transition from the decelerating phase occured.
a. In the first case we keep the brane tension, ρ˜σ = const, and we introduce a sort
of exotic matter with energy density ρ˜e satisfying a state equation p˜e = weρ˜e where the
constant we is a free parameter. Its role is to restore the consistency of the junction
conditions. Similar consideration was adopted for other reasons in [53]. Considering now
ρ˜ = ρ˜σ + ρ˜d + ρ˜r + ρ˜e
the conservation equation coming from the junction condition becomes
dρ˜e
dR
+
4 + 3we
R
ρ˜e +
ρ˜σ + ρ˜d + ρ˜r
R
= 0. (25)
This is easily solved and the solution as a function of the redshift is
ρ˜e = c0(1 + z)
4+3we − ρ˜
0
d
1 + 3we
(1 + z)3 − r˜
0
d
3we
(1 + z)4 − ρ˜σ
4 + 3we
(26)
where the superscript denotes the present day value and the constant c0 is related to ρ˜
0
e
in an obvious manner. The general feature of the solutions satisfying ρ˜0 = 1, q(0) = 0.61
and with phenomenologically acceptable ρ˜d and ρ˜r is that both ρ˜
0
e, we have to be negative
and in particular −1 < we < 0. That is this exotic matter is quintessence-like [54]. The
new feature here is that it coexists with a constant brane tension term. It is interesting
to note that the vanishing of the acceleration occurs also in an acceptable value of the
6
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Figure 1: The acceleration as a function of z. The transition from the decelerating to
the accelerating phase occurs at z = 0.21.
redshift. In figure 1 we show the acceleration as a function of z in a solution where for
simplicity the position of the brane today is taken to be on the horizon, the values of ρ˜0d
and ρ˜0r are 0.31 and 0.0005 respectively and we chose for we the more phenomenologically
favored value of the quintessence models -0.6 [55]. The values of ρ˜σ and ρ˜
0
e are determined
from the conditions to be 1.97 and -1.28 respectively. The acceleration turns out to vanish
at z = 0.21.
b. In the second case we set ρ˜σ = 0, so we are left with ρ˜e which now satisfies the
equation
dρ˜e
dR
+
(4 + 3we)
R
+
ρ˜d + ρ˜r
R
= 0 (27)
yielding
ρ˜e = c0(1 + z)
4+3we − ρ˜
0
d
3we + 1
(1 + z)3 − ρ˜
0
r
3we
(1 + z)4 (28)
Solutions satisfying our requirements can be found in this case also provided that we is
close to −4/3. That is we have a state equation of phantom-like matter [56]. We see from
equation (28) that if we = −4/3, ρ˜e consists of a constant term plus terms casting for the
modification of the continuity equation. So if we is close to −4/3, ρ˜e has no constant term
7
but the first term in (28) is slowly varying over finite ranges of R. Besides the redshifts at
which the acceleration vanishes are lower than in the first one. In figure 2 we give the z−
dependence of the acceleration parameter with typical values of the quantities involved.
Comparing the two cases some comments are in order. In the first case the presence
of the brane tension makes easy the present data to be met. The second case shares in
general the same features but it is more restrictive. For example the present day position
of the brane is not comletely free. It has to be far from the black-hole horizon. This is
not necessarily a disadvantage since the brane moves in the bulk. The real disadvantage
of this case is that we cannot achieve large values of the present day dust density, in fact
ρ˜d < 0.23 if we insist in acceptable values of the deccelaration parameter and the redshift
value of the transition. So this case seems to be disfavored by the data. Nevertheless let
us point out that in this treatment we do not consider brane-bulk energy exchange, so
from our point of view, that the main concern is the present day acceleration to follow
a deccelerating phase, the two cases are of similar importance. Another feature of the
second case is that the early universe is radiation dominated while in the first case ρ˜e
may exceed ρ˜r at early times if we > −1/3. In figure 3 we give the z−dependence of
the various species of the energy density for the first case which in our treatment is more
realistic. Note that we chosen gives a radiation dominated universe at early times.
Summary and Discussion
In this work we examine the cosmology induced on a brane moving in the five-dimensional
Schwarzschild stringy black hole background found in [46], paying attention mainly in the
acceleration parameter and insisting in deriving the today value of the acceleration to
follow a decelerating phase. Indeed we found that introducing on the brane matter with
the characteristics of quintessence or phantom even in the simple case we have considered
with constant we and no coupling of the brane matter to the dilaton field, acceptable
behavior of the acceleration parameter can be achieved.
This approach shares basic features with four dimensional considerations of dilaton
cosmology inspired from string theory and from non-critical strings. In particular the
modification to the continuity equation of brane the energy density due to the form of the
five dimensional background is given by ρ 1√
AB
d
dτ
√
AB as is seen from eq. (22). Taking
into account the value of the dilaton field on the brane which is now time dependent
this is just − 2
D−2ρφ˙. Note that this term for D = 4 becomes −ρφ˙ coinciding with the
modification to the continuity equation due to the presence of the dilaton field in four-
8
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Figure 2: The acceleration as a function of z. The transition from the decelerating
to the accelerating phase occurs at z ≃ 0.1. For this plot we have taken we = −1.33,
ρ˜e(0) = 0.80 and ρ˜d(0) = 0.20. The present day position of the brane is at R(0) = 8RH .
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Figure 3: The z−dependence of the various species of the energy momentum tensor.
The blue (solid) red (dotted) and black (dotted-dashed) lines represent ρ˜e, ρ˜d and ρ˜r
respectively. The two crossing points leading to a radiation dominated universe at early
times are shown .
10
dimensional considerations studied in [57–60]. In the first of the above cases the dilaton
field as is seen from the brane tends asymptotically to the linear dilaton vacuum if it is
re-expressed in terms of the five-dimensional time. Moreover since the considered black
hole is asymptotically Rindler we see that we are driven to a conformal solution that
is flat space with linear dilaton [53, 61]. In particular from the equations (10) and (19)
we have that dy/dτ = y
√
ρ2 − U/y2 and dt/dτ =
√
H2 + U/y2/U . So in the presence
of brane tension where ρ and H tend to a constant value we have that asymptotically
dy/dτ ∼ (const)y and dt/dτ ∼ (const) that is t ∼ (const)lny. This implies that φ(y(τ)) ∼
−Qt(τ), with Q a positive constant. Moreover the five-dimensional space-time metric
asymptotically is conformally flat in the Einstein frame ds2E −→ −y2dt2+ dy2+ y2dΩ23 =
y2 (−dt2 + dz2 + y2dΩ23) where ydz = dy. So in the string frame ds2s = e4φ/3ds2E the metric
becomes flat.
Finally let us note that the five-dimensional solution used in this work has as effect the
necessity of incorporating types of exotic matter. No other characteristics of the black-
hole solution are involved in the brane cosmological evolution. Such an involvement
should arise if bulk-energy exchange occurs, a situation not considered in this work.
The introduction on the brane, dilaton-dependent energy-momentum tensor will imply
additional modification to the continuity equation and one more junction condition for
the dilaton field. In fact in this case we have bulk-brane energy. This exchange occurs
also in the case that the five dimensional metric is not static. The study of this cases,
which should probably reveal a connection of the black-hole characteristics to the induced
cosmology and the more general and interesting framework with no Z2 symmetry are
under study.
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